CHAPTER 3 THINKING

Logic
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3.2

Compound Statements and Connectives
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Objectives

1. Express compound statements in symbolic
form.

2. EXxpress symbolic statements with parentheses
In English.

3. Use the dominance of connectives.
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Simple and Compound Statements

Simple statements convey one idea with no
connecting words.

Compound statements combine two or more
simple statements using connectives.

Connectives are words used to join simple
statements. Examples are: and, or, if...then,
and If and only If.
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And Statements

If p and g are two simple statements, then the
compound statement “p and g’ Is symbolized

by p A Q.

The compound statement formed by connecting
statements with the word and Is called a
conjunction. The symbol for and is A.
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Example: Translating from English to
Symbolic Form
et p and g represent the following simple statements:
p: Itisafter 5 P.M.
g: They are working.
Write each compound statement below in symbolic form:

a. Itisafter 5 P.M. and b. Itis after 5 P.M. and
they are working. they are not working.
5 D It Is after 5 BM. and they are not working.
. |t s after 5 PN, and they are working.
/\\ —
P A q P q

'The symbolic form is p A g. The symbolic form 1s p A ~g.

ALWAYS LEARNING Copyright © 2015, 2011, 2007 Pearson Education, Inc. PEARSO N Section 3.2, Slide 6



Common English Expressions for p A g

Example
Symbolic English p: It is after 5 p.m.
Statement Statement q: They are working.
p A g p and gq. [t is after 5 PM. and they are working.
pAqg p but g. It 1s after 5 P.M., but they are working.
pPAg p vetq. It 1s after 5 PM., vet they are working.
pAg p nevertheless g. [t is after 5 PM.: nevertheless, they are working.
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Or Statements

The connective or can mean two different things.
Consider the statement:
| visited London or Paris.

This statement can mean (exclusive or)
| visited London or Paris but not both.

It can also mean (inclusive or)
| visited London or Paris or both.
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Or Statements

Disjunction Is a compound statement formed
using the inclusive or represented by the symbol

V.
Thus, “p or g or both” i1s symbolized by p v Q.
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Example: Translating from English to Symbolic
Form
Let p and g represent the following simple statements:
p: The bill receives majority approval.
g: The bill becomes a law.

Write each compound statement below in symbolic

form:
a. The bill receives majority approval or the bill

becomes alaw.  gplution: PVv(Q

b. The bill receives majority approval or the bill does

not become a law. Solution: p v ~q
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If -Then Statements

The compound statement “If p, then g Is
symbolized by p — .

This 1s called a conditional statement.

The statement before the — 1s called the
antecedent.

The statement after the — Is called the
consequent.
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If -Then Statements

This diagram shows a
relationship that can be
expressed 3 ways:

All poets are writers.

There are no poets that are
not writers.

If a person Is a poet, then
that person Is a writer.
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Writers

Poets

All poets are writers. |f a

person is a poet, then that
person ie 3 writer.
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Example: Translating from English to Symbolic
Form

et p and g represent the following simple statements:

p: A person is a father.

g: A person is a male.
Write each compound statement below in symbolic form:
a. If a person is a father, then that person is a male.

I I
Q. |f aperson Is a father, then  that person ls 2 male.

P > q

The symbolic formis p — g.
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Example: Translating from English to Symbolic
Form

et p and g represent the following simple statements:
p: A person is a father.
g: A person is a male.
Write each compound statement below in symbolic form:

c. If a person is not a male, then that person is not a
father.

I I
If a2 person Is not 2 male, then that person Is not a father.

& S

The symbolic form 1s ~g — ~p.
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Common English expressions for p — g

Example

Symbolic English p: Aperson is a father.

Statement | Statement g: A person is a male.

P —q If p then g. If a person is a father, then that person is
a male.

P —q qifp. A person is a male, if that person is a
father.

P —q p is sufficient for g. | Being a father is sufficient for being a
male.

p—q q is necessary for p. | Being a male is necessary for being a
father.

P —( p only if . A person is a father only if that person is
a male.

P —q Only if g, p. Only if a person is a male is that person
a father.
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If and Only If Statements

Biconditional statements are conditional statements that
are true If the statement is still true when the antecedent
and consequent are reversed.

e If a person 1s a father, e I[f a person 1s a male,
then that person is a male. then that person is a father.
Hue not necessarlly true
e |f a person 1s an unmarried male, e |f a person is a bachelor, then
then that person is a bachelor. that person is an unmarried male.

tue also trye

The compound statement “p if and only if g”
(abbreviated as Iff ) 1s symbolized by p < q.

ALWAYS LEARNING Copyright © 2015, 2011, 2007 Pearson Education, Inc. PEARSO N Section 3.2, Slide 16



Common English Expressions for p < d.

Symbolic English Statement | Example
Statement p: A person is an unmarried male.
q: A person is a bachelor.
peq pifand only if q. A person is an unmarried male if and only if that
person is a bachelor.
Ppe( g if and only if p. A person is a bachelor if and only if that person
IS an unmarried male.
pe( If pthen g, and if g If a person is an unmarried male then that person
then p. Is a bachelor, and if a person is a bachelor, then
that person is an unmarried male.
pe( p is necessary and Being an unmarried male is necessary and
sufficient for q. sufficient for being a bachelor.
pe( g IS necessary and Being a bachelor is necessary and sufficient for
sufficient for p. being an unmarried male.
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Statements of Symbolic Logic

Name Symbolic Common English
Form Translations
Negation ~p Not p. It is not true that p.
Conjunction PAC p and g, p but q.
Disjunction P v(Q porg.

P—=q If p, then q, p Is sufficient for g, g Is

Conditional
necessary for p.

P <20 p if and only if g, p iIs necessary and

Biconditional sufficient for q.
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Example: Expressing Symbolic Statements
with and without Parenthesis in English

et p and g represent the following simple statements:

p: She is wealthy.

g: She is happy.
Write each of the following symbolic statements in words:
a. ~(pAQ)

It Is not true that she iIs wealthy and happy.

D. ~pA(
She is not wealthy and she is happy.
c. ~(pva)
She Is neither wealthy nor happy. (Literally, it is not true

that she is either wealthy or happy.)
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Expressing Symbolic Statements with
Parentheses in English

Symbolic Statements to | English Translation
Statement Group Together
(aA~p) =>~r |gqA~p If g and not p, then not .
qa(~p—=>-~I) |~p—>-~r g, and if not p then not r.

Notice that when we translate the symbolic statement
Into English, the simple statements in parentheses
appear on the same side of the comma.
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Example: Expressing Symbolic Statements
with Parentheses in English

Let p, g, and r represent the following simple
statements:

p: A student misses lecture.
g: A student studies.
r: A student fails.

Write each of these symbolic statements in words:
a. (g A~p)o~r

If a student studies and does not miss lecture, then
the student does not fail.
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Example: continued

Let p, g, and r represent the following simple
statements:

p: A student misses lecture.
g: A student studies.
r. A student fails.

Write each of these symbolic statements in words:

b. gA(~p—> ~T)
A student studies, and if the student does not miss
lecture, then the student does not fail.
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Dominance of Connectives

If a symbolic statement appears without parentheses,
statements before and after the most dominant
connective should be grouped.

The dominance of connectives used in symbolic logic is
defined in the following order.

1. Negation,~ 2. Conjunction,A 3. Conditional, — 4. Biconditional, «»
{ Disjunction, V |
|f Least dominant | | Same level of dominance | Most dominant
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Using the Dominance of Connectives

Statement Most Statements Type of

Dominant Meaning Clarified | Statement

Connective with Grouping

Highlighted in | Symbols

Red
P gA~T P—>gA-~T p—=(qA~T) Conditional
PAQ—>>~T PAQ—>~T (pAQ) =>-~r Conditional
Ppeq—r Ppe>q-—>r p<(qQ—=r) Biconditional
Pp—=>qer Pp—=>qr (p=0Q) &r Biconditional
PA~Q—=rvs [pAa~g—>rvs [(pAa~q)—=(rvs) |Conditional
PAQVYT PAQVT The meaning is

ambiguous.

Grouping symbols must be glven with this statement to determine whether It
means {(p A g) V' r, a dlgjunctlon, or p A (g V' r), 1 conjunctlon.
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Example 8: Using the Dominance of
Connectives

Let p, g, and r represent the following simple
statements.

p: | fail the course.
g: | study hard.
r: | pass the final.

Write each compound statement in symbolic form:
a. | do not fail the course if and only if | study hard

and | pass the final. ~p<>(QAT)
b. 1do not fail the course If and only If I study hard,
and | pass the final. (~peg AT
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Example: Using the Dominance of
Connectives

Write each compound statement below In
symbolic form:

| do not fail the course if and only if | study hard
and | pass the final.

Solution

We begin by assigning letters to the simple
statements. Let each letter represent an English
statement that Is not negated. We can then
represent any negated simple statement with the
negation symbol.
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Example: Using the Dominance of
Connectives

| do not fail the course If and only if | study hard
and | pass the final.

p: | fail the course.
q: | study hard.
r: | pass the final.

| do not fail the course  iff | study hard ~ and | pass the final.

) «> q A I

Because the most dominant connective that

appears Is <>, the symbolic form with parentheses
IS U P> gAar
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